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ALGEBRAIC AND ABELIAN SOLUTIONS TO 
THE PROJECTIVE TRANSLATION EQUATION 

GIEDRIUS ALKAUSKAS 


Abstract. Let x= {x,y). A projective two-dimensional flow is a solution to a 2—dimensional 
projective translation equation (PrTE) (1 — z)(j){x) = (j){(j){xz){l — z)lz), (j) : ^ C^. Pre¬ 

viously we have found all solutions of the PrTE which are rational functions. The rational 
flow gives rise to a vector field y) • q{x, y) which is a pair of 2—homogenic rational 
functions. On the other hand, only very special pairs of 2—homogenic rational functions, as 
vector fields, give rise to rational flows. The main ingredient in the proof of the classifying 
theorem is a reduction algorithm for a pair of 2-homogenic rational functions. This reduc¬ 
tion method in fact allows to derive more results. 

Namely, in this work we find all projective flows with rational vector fields whose orbits 
are algebraic curves. We call these flows abelian projective flows, since either these flows 
are parametrized by abelian functions and with the help of 1-homogenic birational plane 
transformations (1-BIR) the orbits of these flows can be transformed into algebraic curves 
x^{x — y)^y^ = const, (abelian flows of type I), or there exists a 1—BIR which transforms 
the orbits into the lines y = const, (abelian flows of type II), and generally the latter flows 
are described in terms of non-arithmetic functions. 

Our second result classifies all abelian flows which are given by two variable algebraic 
functions. We call these flows algebraic projective flows, and these are abelian flows of type 
I. We also provide many examples of algebraic, abelian and non-abelian flows. 
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1. Background and main results 

For typographical reasons, we write F{x, y)»G{x, y) instead of {F[x, y), G{x, y)). We also 
write :si = x»y. For a general theory of the translation equation, we refer to [1, 12, 13]. The 
2-diniensional (affine) flows are treated in [15]. The relation of projective flows with Polya 
urn theory and integrable urns was shown in [3]. The reader may consult [7, 8, 9] for the 
background on urns and elliptic functions. 


The projective translation equation, or PrTE, was hrst introduced in [2] and is the equation 
of the form 

(1 - Z)0(X) = 

In a 2—dimensional case, 0(x,i/) = u{x,y) • v{x,y) is a pair of functions in two real or 
complex variables. The non-singular solution of this equation is called the projective flow. 
The non-singularity means that a flow satishes the boundary condition 


lim 

2^0 


z 


= X. 


( 1 ) 


What follows next is an equivalent version of the PrTE. In fact, these two are equivalent 
in an unramihed case [4]. In a ramihed case, which is the topic of the current paper (see 
further), the following form of the PrTE is unambiguous for hxed x and sufficiently small 
z, w and therefore should be used instead: 


1 

z w 


(j){:si{z w)) 



w,z G C. 


( 2 ) 


The main object associated with a smooth projective flow is its vector field given by 

d (j){xz,yz) 


v(0; T, y) = w{x, y) • q{x, y) = 


dz 


2=0 


( 3 ) 


Vector held is necessarily a pair of 2-homogenic functions. For smooth functions, the func¬ 
tional equation (2) implies the PDE 

uflx, y){w{x, y)-x)+ Uy{x, i/)(p(x, y) - y) = -u{x, y), (4) 

and the same PDE for v, with boundary conditions given by (1); that is, 

, u(xz,yz) , v(xz,yz) 

lim ^ = X, lim ^ = y. 

2^0 2^0 

In principle, these two PDEs (4) with the above boundary conditions are equivalent to (2). 


Each point under a how possesses the orbit, which is either a curve (when we deal with 
hows over R) or a surface (complex curve over C), or a single point. The orbit is dehned by 

y(x) = {hffi:,6RorC}. 

The orbits of the how with the vector held w • g are given by W{x, y) = const., where W 
is an V—homogenic function which can be found from the diherential equation 


NW{x,y)g{x,y) + Wflx,y)[yw{x,y) - xg{x,y)] = 0. 


( 5 ) 
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We call N the level of the flow, that is, the degree of a curve if it is algebraic. If not, we put 
A = 1. 

Definition 1. We call the flow (j) an abelian projective flow, if its vector field is rational, 
and its orbits are algebraic curves. 

The reason for this name is that it will appear later that for such a flow 0(x) = u{x,y) • 
v{x, y) in a reduced form, the function k{z) = for hxed x, y and varying ^ will be the 

inversion of an abelian integral; hence, algebraic or abelian [ 10 ]. Also note that our research 
has a strong resemblance to the area of mathematics lying in the intersection of the theory 
of partial differential equations and algebraic geometry [11, 14]. 

Definition 2. We call the flow cf an algebraic projective flow, if its vector field is rational, 
and u*v is a pair of algebraic functions. 

We note that, trivially, an algebraic flow is necessarily abelian. 

The following is the main result of [3]. Recall that 1—BIR stands for a 1—homogenic 
birational plane transformation. 

Theorem 1. Let (f){x,y) = u{x,y) • v{x,y) be a pair of rational functions in C{x,y) which 
satisfies the functional eguation (2) and the boundary condition (1). Assume that 0(x) 7 ^ 
0id(x) ■.= x*y. Then there exists an integer N >0, which is the basic invariant of the flow, 
called the level. Such a flow (f>{x,y) can be given by 

(j){x,y) = o (j)j^ o i{x,y), 

where I is a 1—BIR, and is the canonical solution of level N given by 

y) = x{y + 1 )^"^ • . 

y + l 

The same result holds for u,v E M(a;, y). 

In this paper we generalize this theorem. First, we classify all abelian flows. This is a 
rather general result, since all the interesting details occur only in particular examples; see 
Section 6 . 

Theorem 2. Let 0(x) be an abelian flow, 0(x) 7 ^ 0id(x). Then there are two possibilities. 

I. There exists an 1-BIR i such that, if we define 

ri{x.) = o (j) o ( 6 ) 

then rj^-x) is a flow whose vector field is given by 

zu{x, y) • q{x, y) = {B- l)x^ + B{C - l)xy • (R - l)Cxy + (G - l)y‘^, (7) 

where B,C E Q \ {!}, and orbits are algebraic curves 

Here M E Q is such that all exponents are integers. The vector fields vj • g with parameters 
{B,C), B,C are linearly conjugate for {B,C) being any pair from the triple 

B + C-2 


B, C, 


BC-1 
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II. There exists an 1—BIR I such that if rjiiT) = u{x,y) • v{x,y) is again defined by (6), 
then v{x,y) = y. Orbits of the flow rji^x) are the lines y = const., and if zu{x,y) • 0 is the 
vector field ofT]{'x), then the numerator of w{x^y) has no multiple roots. 


As our second main result, we find all algebraic flows. This result is a generalization of 
Theorem 1 and in fact implies the latter. For a non-negative integer n, and a rational number 
Q, ^ {—n, —n + 1 ,...,—!}, we need the following polynomial 

Pn,Q{x) := 2 F 1 (^ - n, 1; 1 + ^; x), 

where 


00 / N 

2 Fi(a, l;c;x) = (g)* = g(g + 1 ) ■ ■ ■ (g + i - 1 ) for i > 1 , (g)o = 1 , 

i=0 


is the hypergeometric function. Indeed, Pn^qfx) are polynomials of degree n\ 
Pq,q{x) = 1, 


Pi,q{x) = 1 - 


P2,q{x) = 1 


P:i,Q{x) = 1 - 


Q 


X, 


Q + 1 ’ 


■X -1- 


2 Q 2 


2 Q 

Q T 1 iQ T l)(2e + 1) 


X 


-X -f 


6 Q' 


-x^ — 


6 Q’ 


3Q 

Q T 1 {Q T 1)(2Q + 1) {Q + 1)(2Q -l- 1)(3Q -I-1) 


X 


Theorem 3. Let 0(x) be an algebraic flow, 0(x) 7 ^ 0id(x). Then there exists an ordered 
pair {n, Q), n E Nq, Q G Q, ^ ^ {—R, —n -|- 1,..., —1}, called the type, and an 1-BIR i 
such that, if we define ri{x.) by (6), then the vector field of rj is given by 

Q{n + l)x^ + (1 — Q)xy • Qnxy + 

(that is, up to a scalar conjugation, in Theorem 2 we have C = B = 1 — Q). The 
flow rifs) = u{x,y) •v{x,y) itself is given explicitly by (33) and implicitly from two algebraic 
eguations 

= = ip„,a(A -1. 

V \v/ y \y/ 

The first, raised to a power mim.ei{Q), is a polynomial eguation, and the second is polynomial 
eguation of total degree 2n + 2. 

We note that we can tell precisely when the flow (j) is not only algebraic but in fact rational, 
since we have at our disposition the criteria ([3], Proposition 3). So, this happens only for 
the type (n, 0) (rational flow of level 0 in the meaning of [3] and Theorem 1), or type (0, Q), 
Q G Z (rational flow of level Q). 

We will frequently need a 1—BIR which transforms the second coordinate of the vector 
held into ± 1 /^. This transformation can be written in the form xA{x,y) • yA{x,y), where 
A{x,y) is a 0—homogenic function, and A(x, 1) = /(x) itself is found from the differential 
equation (see [3], Eq. (33)) 

/(x)p(x) + /'(x)(xp(x) - w{x)) = ±1. 


( 8 ) 
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Figure 1. Diagram of arithmetic classification of projective plane flows. The 
arrow stands for the proper inclusion. The intersection of unramihed and 
algebraic flows is exactly the set of rational flows. Everywhere we assume that 
vector held is a pair of rational functions, necessarily 2—homogenic. Of course, 
the variety of unramihed or algebraic hows whose vector held is non-rational 
is much bigger. In each category we give an example of the vector held. These 
examples are treated in detail in the text, and in each case the vector held is 
not in the image of an inclusion represented by the arrow. Algebraic hows are 
abelian hows of type I. 

Here g{x) = g{x, 1), and zu{x) = zu{x, 1). 

2. Special examples 

We now proceed with eight examples illustrating the Diagram in Figure 1, and Theorems 
1, 2, and 3. In the hrst four cases the vector held is of the form ax^+ bxycxy + y^, a,b,c & Z, 
a + b = c+1. This guarantees that the orbits are given by the curves x^{x — y)^y^ = const., 
and at least on the lines x = 0, y = 0,x = y the how reduces to a one-dimensional how, and 
so can be easily given a simple expression. 

First, a trivial example just for completeness. 

Proposition 1. The flow 0(x) generated by the the vector field xy • y'^ is rational and is 
given by the expression 

X y 

-•- . 

1 - 1 / 1 - ?/ 

Next, the following is an algebraic how of type (1, —2); see Theorem 3. 
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Proposition 2. The flow $(x) = U{x,y) • V{x,y) generated by the vector field (—4a;^ + 
3xy) • {—2xy + y'^) is algebraic and is given by the expression 

^ y^/^x + {y-iy + y'^ + 2x-y ^ y 

3x + 2{y-lY + (y - 1)2' 

The orbits of this flow are genus 0 curves u~^{u — = const. 


Next is an unramified elliptic flow, which was treated in detail in [4], 

Proposition 3. The flow A(x) = X{x,y) • X{y,x) generated by the vector field [x^ — 2xy) • 
{—2xy + y'^) is elliptic and can be given the analytic expression 

— sc^yq + s'^xyY qic^ — sxq + s'^cxy'f' 

A(x) = ^^ -r-^- - - 

y{x — c?y) — sx<^ + s'^cxy) x\x — c^y) [cq‘^ — sc^yq + s'^xy) 

here q = q{x,y) = [xy{x — y)fl^^, and s = sm(<^),c = cni(^) are the Dixonian elliptic 
functions [4, 7] . Thus, these are the functions which parametrize the Fermat cubic x^+y^ = 1, 
and also sni(O) = 0, sm' = cm^. The orbits of this flow are genus 1 curves xy{x—y) = const. 


Next, we present an analytic expression for a non-elliptic abelian flow of type I whose orbits 
are genus 2 curves. The expression for flows with orbits of the form x'^i^x — y)^y^ = const, 
whose genus is > 2 is analogous. 

Proposition 4. The flow A(x) = 'd{x,y) • f {x, y) generated by the vector field {2x‘^ — ixy) • 
{—3xy + y'^) is non-elliptic abelian flow and is given by the analytic expression 

k^/Ha(^)-q)q r 

A(x)= V 


(k(a(f) - - l) kV5(a(p - . (^k(a(p - <t) - l) 

Here q = q{x,y) = [x{x — a is an abelian integral 


2/5 ■ 


dt 


a[x) = - 


t3/5(t_ 1)4/5’ 


and k is an abelian function, the inverse of a. The orbits of this flow are genus 2 curves 
x{x — yfly'^ = const. In the special case, one has 

|^ = k(c-4‘/L). c = a(-l). 

^{x,-x) 

The pair of abelian functions (k( 2 ;), k'( 2 ;)) parametrizes (locally) the genus 2 singular curve 
5^(1 — xflx"^ = y^ ■ In particular, one can give an alternative expression 

5^/^k^/3(a(-) — {a{-) — “t) 


A(x) = 


k'2/3(Q,(|) _ <;•) k'2/3(a(|) - <;•) 


How we should understand this solution as a flow, at least for real x, yl What we need 
in fact is to uniquely define the values for z~^I}{xz, yz) and z~^f{xz, yz) for 2 ; small enough, 
subject to a condition that at 2 ; = 0 these branches are equal to x and y, respectivelly. Fix 
X, y, put (x, y) I— >• [xz, yz), and vary only 2;. Choose one of the possible values of Then 
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, and for z small enough, choose a branch of k(a(p—^a;^/®(a:— vf'V-) 
which is equal to | at 2 ; = 0 . 

The following is an example of an abelian flow of type II. 

Proposition 5. The flow g(x)^ generated by the vector field 

y) • q{,X, y) = — + xy •t). 


can he given the analytic expression 

q(x) = 


xye^ 


(x^ + y^ — 

The orbits of this flow are lines y = const. 

We can also integrate the vector held 


X 


^{x.y) • Q{x,y) = — • 0, 

y 


to obtain an algebraic how 


X 


r X = 


1 - 


2x'^ 


However, the numerator of w{x,y) has a multiple root, and therefore the vector held is not 
reduced (see Subsection 8.2). 

And hnally, we present an integral how which is non-abelian. 

Proposition 6. The flow S(x) = G{x, y) • H{x, y) generated by the vector field + xy + 
y"^) • {xy + y"^) is non-abelian integral flow and is given by the expression 


G(x, y) • H{x, y) = i>g exp (fj + y j • <2 exp (^^/J + y j; 


- 0 ^ 


here = 1^/3^—j ^ = exp |- 


X X 
y 2y^ 


\y^ 


and where fl{x) is the error function 
fl{x) = 


x/2 


(^)- «'fw = 


vre / X + 1 
erf 


and 1 is the inverse of (3. The orbits of this flow are transcendental curves g = const. In the 
special case, 


G(x, —x) 


X 


= -l{xe^/^) exp (^^{\{xe^/^) + 
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Non-integral and non-abelian vector fields still produce valid locally well-defined flows. In¬ 
deed, the series (17) makes sense and is locally uniquely defined for any pair of 2—homogenic 
rational functions w • q. For example, the vector held ^J^xy • (—produces the how 


x{y + l)^ 


y 

y + l 


Yet, the arithmetic of these hows is not in any sense hnite, so these are not so interesting 
to investigate from a number-theoretic or algebro-geometric point of view, and they have no 
deeper structure. 


In [4] we posed 8 problems, all related to projective hows and the projective translation 
equation. Here we add two more to this list. 

Problem 9. Let n > 3. Describe all n dimensional projective flows over C with rational 
vector fields such that all their coordinates are given by algebraic functions. 

Problem 10. Let n > 3. Describe all n dimensional projective flows over C with rational 
vector fields such that their orbits are algebraic curves. 

This list is still continued in [5] with the Problem 11. The latter concerns projective 
hows 0 and with rational vector helds such that 0 o = -0 o 0, which is equivalent to the 
property that the composition is a how again. It appears that in a 2—dimensional case this 
implies that both cj) and are algebraic hows with very special properties. 


3. General setting 

In the most general case, if we do not encounter an obstruction [3], the vector held, with 
the help of conjugation with a 1—BIR, can be transformed into a pair of quadratic forms 
zu{x, y) • q{x, y). The case when yw — xg has a double or triple root is dealt in Section 7. If 
there is no triple root, we can further reduce the vector held to [3] 

vj{x, y) • g{x, y) = x"^ + Bxy • Cxy + y'^. 

Assume that R, G 7 ^ 1, otherwise yw — xg has a double root. Consider conjugation with the 
linear change {x,y) 1 —)■ Conjugating vector held with this, we obtain 

^ Q ^ 

w'{x, y) • g'{x, y) = 

Let 0(x) be a how with the vector held wflx., y)*Q'{x, y). Note that the sum of the coefficients 
for both components is constant: 

B-1 „ (B-1)C ^ BC-l 
C -1 C -1 C -1 

Thus, despite a huge arithmetic variety and complexity of such hows, on three exceptional 
lines X = 0, y = 0 and x = y the how can be given a simple closed-form expression. 


Proposition 7. For such flow cj), we have: 

(l>{x,0) = - -0(O,a;) = 0« 

1 - I - X 


(j){x, x) 


1 - 


X 


BC-l 

C-l 


1 - 


X 


BC-l 

C-l 
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Next, 


tu'{x, 1) — xg'{x, 1) = (1 — B)x{x — 1). 


And 


q\x^ 1) 1 BC — 1 

■uj'{x, 1) — xg'{x, 1) (1 — B)x ^ {B — 1)(G — l)(a; — 1) 

So, the orbits of the flow with the vector held zu'{x, y) • g'{x, y) are given by (in (5) we take 

N = 1) 

x^~^ {x — y)^^~^y^~^ = W^^~^'^^^~^\x,y) = const. ( 10 ) 

So, we obtain the following. The hows with the vector helds (a:^ + hxy, cxy + y‘^) are linearly 
conjugate if (b, c) is any pair from an unordered triple [3] 


5,G, 


B + C-2 
BC -I 


We may put this into a symmetric form. Denote all the three diherent numbers B, C and 
ill the above display by a, b and c, in any order. Then 


111 . 

1 - 1 - u 1 -“ 

1 — a 1 — b 1 — c 

And the level of such how isA^ = a + /9 + 7 , where 

(1 — G : BC — 1 : 1 — i?) = (a : /5 : 7 ), g.c.d(Q!, /9, 7 ) = 1. 


( 11 ) 


4. Algebraic flows 

4.1. Example 1. The canonical solution 0jv(a:, ?/) (see Theorem 1) is an algebraic how if 
N = qj PyQ ^ iPi^) = 1- The orbits of this how are given by genus 0 curves x'^y^ = const. 
But we will soon see that these examples do not exhaust all algebraic hows! 

4.2. Example 2. We will now construct algebraic how which is non-conjugate to any canon¬ 
ical solution. Indeed, now we explore the case (S, C) = (3,1); So, looking at (9) we see that 
we need to explore the vector held 

(—4a;^ -I- ?>xy) • {—2xy -|- y‘^). 

This is an example of the how with second degree of ramihcation, whose orbits are genus 0 
quartic curves u~^{u — v)~^v^ = const., as is implied by (10). 

Let us apply ([3], Proposition 2). We have (for typographic reasons, now we discard the 
prime sign for both w and g)\ 

ywy{x,y) - xgy{x,y) ^ x{y + 2x) 
yw^{x,y) - xg^{x,y) 2>y{2x - y)' 

and since the latter is not a Mobius transformation, ‘h(x) = U{x,y)»V{x, y) is not a rational 
how. 


But we have seen in ([3], Section 2.4) that the vector held of the rational how 
,( 2 ). {y'^ + xf _ y{y‘^ + x) 


n {x,y) = 


{x + 2xy + y'^Y {x + 2xy + y^) 


= u(x,p) • v(x,p) 


( 12 ) 
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Figure 2. The normalized vector field of the algebraic flow *h(x), {x,y) G 
[—2, 2]^. The orbit shown is x{x — y) = —0.1 • 


is given by 

y) • g{x, y) = {-Axy + 3y^) • {-2xy'^ + y^)x~^, 

and since 

^ix,y) ^ ^ix,y) 
g{x,y) g{x,y)' 

the flows <1> and share the same orbits! For example, as we know, 

V{xz,yzY _ y^ 

z^ ■ U{xz, yz) ■ [U{xz, yz) — V(xz, yz)) x(x — y) 

Nevertheless, since the flow $ is linearly conjugate to the flow with orbits x‘^ + BxyCxy+y‘^, 
we know in advance that the flow *h(x) has a quadratic ramification [4], Now we will find 
the flow $ explicitly. 

Let, as before, w{x,y) • g{x,y) = (—4a:^ + 3xy) • {—2xy + y"^). Solving the differential 
equation (8) we obtain that the 1-BIR xA{x,y) • yA{x,y) transforms the flow $ into an 
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uni-variate flow [3], where A[x,y) = — — 1. So ([3], Proposition 3) 


A(x, y)w{x, y)- Ay[ xq{x, y) - yw{x, y) = 


-4x^ + 6x‘^y — Sxy"^ 


A{x,y)g{x,y) + A^(^xg{x,y) - yw{x,y)^ = -y'^ 


y 


So, if we put 

i{x,y) = xA{x,y) •yA{x,y) = — - —•2x-y, i-^{x,y) = ^ 


y 


2x — y 2x — y' 


then the flow i ^ o ^ o i[x, y) has the vector field 
—4a;^ -|- 6x‘^y — Sxy"^ 


i-y ) = v{x,y) • i^ix^y). 

y 

The orbits of this vector field are given by 

/ X (4a;2 - Axy + y^)y^ 

WAx,y) := - - -r-= const. 

x[x — y) 

As the method of integration, let us consider the following system of differential equations: 


p'(t) = -v{p{t),q{t)), 
q'{t) = -z/(p(t),g(t)), 

^a(p(t),g(t)) = 1. 

In particular, since i'{x,y) = —y"^, we put q{t) = So, the last identity gives 

p2(4t2 - t^) + p(4t - + 1 = 0. 

Solving, we get 


(13) 


pW = -bi 


1 


2 t 2VW^' 

We check directly that the first identity of (13) is satisfied (which is automatic in a general: 
the second and the third yield the first). So, applying the general method to solve the PDE 
(4), developed in [4], we have 

u ^p(a) <^, q{a) j = p{a v ^p(a) <^, q{a) j = q{a - A) q, 

x = p{a)q, y = q(a)q. 

These equations imply, for example, that 

W^{x,y) = W^(^p{a)q,q{a)q^ = 


So, the identity for v is what is expected: 




u(pta)^,--j = 

a/ q — a 

The identity for u is more complicated: 


v{x,y) = 


y 


y + l 


u 


q 


q 


q 


2a 2\/a^ - 4’ a) 2{q - a) 2^/(a - q)^ - 4 
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If we replace = —ay, we obtain: 

(y. _L \ = y _ ^y 

“V 2 2{y+l) 2 

Now, 

y ay a x 1 2x — y 

2 2\/ 0 ^ — 4 2yja^ — 4 y 2 \/ x"^ — xy 

So, finally substitnting this into (14), we obtain 


(14) 


. ^ 2 / , 2xy-y^ 

ui X y I —_~r_. 

‘2y + 2 2y^Axy{x -y){y + 2)+ y‘^{y + 1)2 

Retnrning to the vector field (—4x^ + “ixy) • {—2xy + y"^), we see that its flow is given 
by £ o (ti • n) o i~^[x,y). Calcnlating with MAPLE again, we obtain Proposition 2. The 

/o\ 

closed-form expression for $ has no immediate resemblance to 03 as is given by ( 12 ), so it 
is indeed snrprising that these two share the same orbits! The donble-check with MAPLE 
shows that 

Ux{x, y) ■ (-4a;^ + ?,xy - x) + Uy{x, y) ■ {-2xy + y^ - y) + U (x, y) = 0, 

identicaly so for V, and the bonndary conditions are satisfied. This is a completely new 
algebraic flow, not conjngate to any canonical flow 0jv, N G Q. We can also donble-check 
the validity of Theorem 3 and thns triple-check this example in particular. 


Indeed, in this case 


So, first we check that 


Fi _2(x) = 1 - 2x 

1 2F _ 1 2x 

V ~ ~ y~ f ~ 


(15) 


which does indeed hold, and also, with MAPLE, the orbit conservation property 

U-\U - V)-^V^ = x-\x - y)-Y- 

On the other side, the latter property together with (15), if solved explicitly, gives exactly 
the values of U and V, given in Proposition 2. 


4.3. Example 3. We note that yet another algebraic flow appeared in the very Erst paper 
on projective translation equation [2]. Namely, consider the canonical flow 0(x) = 

Now, consider the 1-homogenic transformation 

= 2 1 2 • 2 1 2 - 
x^ -\ry + y^ 

This maps the unit circle to the astroid |xp/^ -|- \y\‘^^'^ = 1. The inverse of this map is not 
rational and it is given by 

^“^(x, y) = X + {xyY^^ *y + YyY^^- 
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We now calculate that the flow (. ^ o 0 o £(x) is given by xi.^^ u) • xiUi where 


X{x,y) = 


X 


xy 


{x^ + + y‘^y^^{y^ + x^ + j/2)2/3 

Of course, i is not 1—BIR. However, the vector held of this flow is given by 

x(3x^ + x^y'^ + 2yy y{Sy^ + y^x"^ + 2x^) 

3(x^ +1/^)2 3(x^ +1/^)2 

so, it is rational again! The orbits of this flow are given by genus 0 curves 


W{u, v) = 




[u — v){v? + vy{v? + MX + X^) 


= const. 


5. Elliptic unramified and ramified flows 
In [4] we explored the case (R, C) = (—2, —2). So, this gives the vector held 

{x^ - 2xy) • {-2xy + y^, 

which is exceptional among all vector fields given by a pair of quadratic forms since this 
vector held is invariant under two linear involutions, thus producing a S^, group as the group 
of its symmetries. This is an example of the flow without ramifications, and whose orbits 
are genus 1 cubic curves u{u — v)v = const. Since, as said, this was treated in detail in [4], 
we only have reproduced the main result as Proposition 3. 

Next, we can similarly explore the case (R, C) = (5, —|) and the vector held (9) 

y) • p(x, y) = (-3x^ + bxy) • {xy + y^. 

This is an example of the flow with ramification whose orbits are genus 1 quintic curves 
u~^{u — x)^x^ = const.; see ( 10 ). 

Proposition 8. The flow r(x) generated by the vector field (—3x^ + 5xy) • {xy + y"^) is 
elliptic. The orbits of this flow are genus 1 curves x~^{x — yfly^ = const. 

We do not provide analytic formulas for the solution, since these are completely analogous 
to the ones given in Proposition 3. 


6. Abelian non-elliptic flow 
Here we explore the case {B, C) = (—4, —|) and so the vector held 
^{x, y) • g{x, y) = (2x^ - Axy) • (- 3 x 1 / + y^. 

This implies xq — yvj = —5x‘^y + 5xi/^. This is an example of the flow with a ramification, 
whose orbits are genus 2 quintic curves x(x —x)^x^ = const. The vector held and the selected 
orbit is shown in Figure 5. 

We know that ([3], Section 3.2) if we define recurrently 

zj^^+^\x,y) = - [zxW(x,?/)z<7(x,i/) + txWp(x,i/)], i > 2, 


( 16 ) 
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Figure 3. The normalized vector field of the elliptic unramified flow A(x), 
(x, I/) G [—1,1]^. The orbit shown is xy{x — y) = 0.2. 


analogously for g^^\x,y), then 

CO CO 

^(xz, yz) = iz + ^ z'm^'^x, y), ({xz, yz) = j/z + ^ z'y^'Hx, y). 


( 17 ) 


i=2 i=2 

In particular, experimenting numerically, we get that on the line x = y we have a particularly 
simple expression: 


•d(x, x) = ^(—1)* ^2* ^x* 

i=l 


X 


l + 2x’ 


^(x,x) = 


X 


1 + 2x 


Moreover, 


A(x, 0) = 


X 


0, A(0, x) = 0 


X 


l-2x ' ' ' ^ 1-x 

Of course, we know this rigorously, and it follows from Proposition (7). On the other hand, 
using (16), we can easily calculate 


'd(x, —x) 


2243 « 46101 


-X + 


= 1 + 6x + 16x^ + 36x^ + lllx^ + 369x® H-x® + 

X 2 14 

^(x,-x) , , 2 2 69 4 37 , 79 793 7 48931 c 

- L = -I-i-4x - - x'^ - x^ H - x^ H - x^ H - x^ - x^ 

4 4 8 56 448 


(18) 


X 
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Figure 4. The normalized vector field of the elliptic ramified flow r(x), 
(x, y) G [—2, 2]^. The orbit shown is (x — = x. 


In particular, 


'd(x, —x) 
^(x,-x) 


86027325 o 43032775 „ 

-X-^-X 


448 


64 
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896 




Soon we will clear out what kind of function is this last expansion (19) (in fact, an abelian 
function). 


6.1. Special hypergeometric function. As we noticed in [4], the hypergeometric func¬ 
tion 2 Ai(|, 1; x) plays an important role in the description of the flow A(x), defined in the 
Subsection 5. 


Equally, in the description of the flow A(x) the following function plays a crucial role: 


r(x) 


1 } dt 

5 J (l-t)4/5(l_a;t)3/5 


2-^1 



1 ; 



5 


0 


—oo < X < 1. 


( 20 ) 




















Abelian and algebraic flows 
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Figure 5. The normalized vector field of the abelian non-elliptic flow A(x), 
(x, y) G [—2, 2]^. The orbit shown is x{x — = 0.2. 


It satisfies the initial condition 1^(0) = 1, and the linear ODE 

5x(l — x)Y'{x) + (1 — 3x)Y (x) = 1. 

Again, as in [4], we notice that the derivative of this gives 

5x(l — x)Y"{x) + (6 — 13x)Y'{x) — 3Y (x) = 0, 

which coincides with Euler’s hypergeometric differential equation for {a,b;c) = (|,1;|). 
Note that this always happens, that is, 2 ^ 1 ( 0 , 6 ; c,x) satisfies non-homogenic first order 
ODE, in case 6=1. The change 1 — xt = (1 — x)T in (20) gives 

1 

1 — x 

= 5a;l/5(l_a;)2/5 / t3/5(i_ 1)4/5’ 0<X<1. (21) 

1 

We can see the role of Y (x) in the analytic description of the flow A(x) from the following 
Proposition 9. Let us define the curve LY parametrically by 

= I (^xY (x), Y(x)'j : —00 < X < l|. 










17 


G. Alkauskas 


Then the function h}[x, y) vanishes on the curve and f{x, y) on this curve takes the value 
oo: 

'd{xY{x),Y{x)) = 0, f{xY{x),Y{x)) = oo for — oo < x < 1. 


Proof. We will not present the full proof, since it is completely analogous to ([4], Proposition 
5). Indeed, if we put 

E{x) ='d{xY{x),Y{x)), 8i = xY{x), b = y'(a;), 

then -E(O) = 79 ( 0 ,1) = 0 (Proposition 7), and from the differential equation for Y(x) we infer 
that 

2a^ —4ab— a = \Y{x) + xY'{x)] ■Y{x)bx{x — 1)., 

—3ab+b^— b = Y'{x) ■ Y{x)5x{x — 1). 

So, this and the differential equation for ■d{x,y), namely (4), imply 

E'{x) ■ (y{x)5x{x — l)j = —E{x) for — oo < x < 1. 

this gives E{x) = 0. □ 

Note l.We warn in advance that (as it turned out later) the proof of the last Proposition, as well 
as the proof of (Proposition 4, [4]), both contain one hidden assumption; without it the proof is 
not entirely valid. Indeed, using exactly the same method of the proof, but now applied to the flow 
U •V given in Proposition 2, we would “obtain” that 

C/(x-2x^l-2x) = 0, (22) 

which is not true, as can be checked! So, one can ask: what is wrong? Since analogous Proposition 
9, as can be checked a posteriori using the explicit formulas in Proposition 4, and also analogous 
(Proposition 4, [4]), are both correct. Indeed, plugging {X,Y) = {xY{x),Y{x)) into the formula 
for d of Proposition 4, we obtain: 

k(“(^) “ ~ k^Q:(x) — Y{x)x^^^{x — 1)^^®^ = k(0) = 0. 

Anyway, in this particular example of [/ • P in Proposition 2, one can check that all the details of 
the proof of (22) are correct, but the conclusion is definitelly wrong, and (22) does not hold. 


The answer is simple: 


So 


U{x — 2x^, 1 — 2x) 


1 

4\/ X — x"^ 


“C/(0,1)” = lim U{x — 2x^, 1 — 2x) = 00 / lim U{0,y) = 0. 

3/^1 

(Of course, from the flow property, we must follow the convention that {y — 1)^ = 1 — y for y 
sufficiently small). So, the differential equation for E{x) = U{x — 2x^, 1 — 2x) is correct, only the 
initial condition A(0) = 0 is not satisfied. The reason why this does not happen in Proposition 
9 is because in the latter case the orbits of the flow are given by x{x — y)^y^ = const., orbits 
in (Proposition 4, [4]) are given by x{x — y)y = const. So, no denominators occur, while for the 
flow U •¥ the orbits are x~^{x — y)~^y‘^ = const. Thus, there are denominators, and it gives the 
discontinuity at (x, y) = (0,1). This a a very subtle assumption, and that is why Proposition 9 is 
still correct, but the method itself must be applied with a caution. □ 
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To find the flow ^ explicitly, we will uses techniques developed in [3]. Consider the 
1—homogenic plane transformation 

i{x, y) = xY • yY , r^{x, y) = . 


(Here, of course, Y ^ = y, while i ^ stands for the inverse transformation). Put A{x,y) = 
F(|). Consider the projective flow 

A(x) = P{x, y) • Q{x, y) = o /\o £(x). 

Denote its vector held by ri{x,y) • vi^x^y). We can calculate that ([3], Eq. (32)) 

r]{x,y) = A{x,y)w{x,y) - Ay{x,y){xQ{x,y) - yw{x,y)^ 

= y(—')(2x^ — Axy) + Y'{—\^i—hx^y + hxy‘^) = xy (5x^ — hxy)Y{—\^ 
Vy/ \y/y^ Vy/ 


'V' 


iy{x,y) = A{x,y)g{x,y) + A^{x,y)[xg{x,y)-yw{x,y) 

= Y j {—3xy + y'^) + Y' j {—hx^ + hxy) = y'^. 


'V' 


The reason for introduction of a 1—homogenic plane transformation £ is that now the vector 
held u{x, y) depends only on y, and so it is can be easily integrated. We now will hnd the 
orbits of the projective how A(x). First, put 


a = 


xzYf-), b = yzY(-'), = i^{a,b), ^ = ^{a,b). 

\yj \yJ 


Then 


P»Q: = 


P{xz,yz) Q{xz,yz) 


ff-i 


o A o £(xz) = 






zYil) zYif) 


z z z 

We know the orbits of the how A(x); so, 

i9(i9 — = o(« — b^b^ = x(x — yyy^Y^f—)z^. 

\y/ 

(The hrst equality follows from the orbit conservation property for the how A). This gives 

~ yfy‘^Y^{f)z^ _ x{x - yfy^Y^i^) 

^ - ;,5y5(|) - ^5y5(|) - y5(g) 

Note that these calculations are carried analogously in a general setting, not just in case of 
the how A, and this is perfectly compatible with ([3], Corollary 1). Thus, the orbits of the 
how A(x) are given by Wa{u,v) = const., where 

W.{x,y)=x{x-y)VY^(-). 

\yJ 

Now, we will solve the diherential system (13). Since iz^x^y) = i/^, this gives q'{t) = —q‘^(t), 
and we chose q{t) = So, in this case the last identity of (13) yields 

{p{t)t) ■ {p{t)t - 1)^ ■ Y^{p{t)t) = 

If we dehne k(f) = p{t)t, this gives the implicit equation for k{t): 


(23) 
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Let a{t) be the inverse of k(t); k(a(t)) = t. Substituting a{x) i—>• t into the above, we get 

X ■ {x — lY ■ Y^{x) = a^{x). 

This and (21) gives 


1 

1 — x 


dt 


a[x] = - 


1^/1 2\ r(i)r2(|)Vio + 2x/5 

bj t3/5(i_ 1)4/5’ 0<X<1, a(l) - - — . 


So, indeed, a{x) is an abelian integral, and k(a;) is the inverse of it, an abelian function. 

If we know this function, we can give immediately an analytic expression for P and Q ([4], 
Subsection 4.1): 




a a 




a — q a — q 


Now let us return to the flow A(x) = £ o A o i ^(x). First, 


A o rylhh. i'l = AI 


a a 


k(a) 


aY (k(a)) ’ aY (k(a)) 
^/ k(a)? ^/ k(a)? ?\_ k(a-?)? ? 


a a 


a a 


a — q a — q 


Here 


? = 


F(k(o)) 


Remember that from (23) we have: 

y(k(()) = 


So, 


Let 


Then 


kVS(i)(k(i)-l) 


2/5 ■ 




k(a)<^ <^\ /k(a)<^ 


a a 


a a 


= loA 


,_;^/k(a)<^ 


a a 


k(« ‘^)V(k(a- ?)) •^-rR(k(a-?)) 


a — q 
- q)~q 


a — q 
~q 


(k(a - ?) - 1)'/' kV5(a - ~^)(k(a - q) - l) 


2/5 ■ 


k(a) 

x = -, y=-. 

a a 


k(a) =-, a = a[-V q = ya(^^\ q = —= x^^^{x - y^/^y^/^. 

y ^y^ ^y^ vh] 


(24) 

(25) 


Y ^ 
y 
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This gives Proposition 4. We double-check that the boundary conditions for ■d and ^ are 
indeed satished. In particular, the expression (19) is the series for the abelian function 

1 

= k(c - -W. i), c = o(-l) = -lj = -0,927975024086478+. 

1 

2 

Now we will derive power series expansion of k(x) around c = a(—1). Let 


1 

Let us in the identity A(y^) = a{x) put x —)■ k(a;), and differentiate it. We obtain 

k'(a;) = ^ k'(a;) = 5(l - k(x))''^''k^/®(a;). (26) 

J 

For example, the property k(a(—1)) = —1 gives k'(a(—1)) = 5-^. Let us define the 
unknown coefficients a* by 

OO 

k(a(—1) — ^xj = —1 — ttiX^ = —1 — L. 

i=l 


Then 

1 °° 

k'(a(—1) — ^x) = —^ iaiX^~^. 


Plugging this into (26), we obtain 

CXD OO Q /K A / ^ 

i=l i=l i=l 

An expansion of the last two expressions in brackets via the binomial theorem gives the 
recursion for the coefficients a*, it is uniquely solvable, and we readily see that they are 
rational numbers. We now double-check that indeed we obtain exactly the (negatives) of the 
coefficients in (19), which was calculated independently using (16). This very fast method 
which leads to the expansion (19) is thus very efficient to derive exact values for Taylor series 
expansion of an abelian function around any point at which its value is rational. 

Having verified the powers series expansion for l^t us calculate the series of 

q,[X, X) 

(2 + L)2/5 “ (1 + L)2/5- 

MAPLE returns exactly the series (18), and this confirms once again the validity of Propo¬ 
sition 4. 
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Figure 6. The normalized vector field of the integral non-abelian flow S(x), 

{x,y) e [-2,2]^ The orbit shown is exp(-| - ^)y = 0.7 

7. Integral non-abelian flow 

Let us look back at the Diagram in Figure 1. As we know [4], there are 4 exceptional 
pairs of quadratic forms that produce unramified non-rational flows. Further, all pairs of 
quadratic forms (7) become integral after, if necessary, an additional conjugation with a 
linear map {x,y) i—)■ {xz,yz). As is clear from ([3], Subsection 4.3), and this can be easily 
proven using (5), the following proposition holds. 

Proposition 10. Let zu{x, y) • g{x, y) is a pair of quadratic forms with integer coefficients. 
Then the orbits of this flow are algebraic curves if and only if yw{x,y) — xg{x,y) has no 
multiple roots. If it has a multiple root, there exists a linear change, such that conjugating 
the vector field with it, we obtain one of the following pairs of quadratic forms: 

i) x"^ + xy + Xy"^ • xy + y‘^, A 7 ^ 0 (a triple root). 

ii) xy • x"^ + y'^ (a triple root). 

iii) x"^ + xy • Xxy + y"^, X 1 (a double root). 

As the most analytically complicated example, we will now integrate the vector field given 
in i) in the special case A = 1; for a general A 7 ^ 0 the results are completely analogous. Note 
that, differently from abelian (algebraic orbits) case, here the property that A is or is not an 
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integer is of no importance. So, let 

w{x, y) • g{x, y) = x‘^ + xy + y'^ • xy + y'^. 

The method applied in Section 6 is very general and is applicable here, only with all nec¬ 
essary adjustments. So we will not repeat all the arguments step by step, and only provide 
a sketch. The hnal verihcation based on power series expansion confirms that all the ends 
do meet. 


Let this flow be S(x) = G{x, y) • H{x, y). In particular, using the same method as in the 
previous section, that is, the recursion (16), we can calculate: 


G{x,—x) 1 2 3 7 4 -- 0 —■ n 

-= 1 -I- a: -I- -x^ + -x^ -\ - X* H- x H- x + 

X 2 3 24 

4069 9 34807 17926 


13 „5 , 127 « 


30 

20036983 


720 


315 


X + 


4369 

40320' 


-X 


7157977 


-I_-I_H- x^^ H_ x^"^ + • • • f27j 

' 22680 518400 155925 479001600 97297200 ‘ ^ ’ 

We will soon see that the radius of convergence of this series is and this agrees numeri¬ 
cally very well with the Cauchy’s formula for the radius of convergence of power series. 

The orbits of the flow S are found via (5); so, they are given by 

W (x, I/) = exp ^ ^ ^ j y = const. 

The solution of the differential equation ( 8 ), if we choose the “ -|- ” sign, is given by Z{x), 
where 


Z{x) = 


Tie 


x /2 


exp -I- • erf , where erf(x) = j i 




dt. 


So, Z{x) is an entire function. Let us define the function 1(f) implicitly from 


Z{l{t)) • exp ( - 1(f) 
Let /S(f) be the inverse of 1(f). Then 




=f. 


(28) 


m = 


V2 


erf 


So, 


1(f) = \/2erf^ - 


t + 1 

w 

tV2' 


- 1 . 


For example, for real f, we have 




7re\ 


^/ 2 ^ 


= oo. 


In particular, using the known power series expansion of the erf ^ function (see “The Online 
Encyclopedia of Integer Sequences”, A092676 and A092677 [16]), we have: 

,,1/2, , Is 7 . 127 7 4369 n 34807 „ 20036983 

= -I- X - x"^ - x° - ^rrrzrx' - __ x^ - _ x'-^ - 


120 


5040 


-.(29) 


362880 


5702400 


6227020800 
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Next, the general formula (24), valid for all flows, claims that 


G 


1(a) 


a a 


•H 


1(a) <^\ l(a-?)<^ 


a a 


a — 


Z(l(a-c)) 


a — 


Z(l(«-c)). 


where 


= 


Z(l(a))' 


Remember that from (28) we have: 


Z(l(f)) = fexp ri(f) + 


2 /' 


Let 


Then 


X = 


1(a) 


y = 


X 


y 


So, we obtain 


X 


y 


1(a) =-, a = /3i-), q = ym-)^ q = 


X 


yf^ 7, 


Z{^ 
\y 


= exp 


X X 

y 22/2 


\y- 


G{x,y)* H{x,y) = ^/>?exp + y) • <^exp (^ +y), 


-02 


X 


y 


X X 


where r/> = l /3 - -<^ ,<^ = exp-—^ y. 


y 22/2 


This gives Proposition 6. In the special case {x^y) = (x, —x), we have: 

•'l\ ^)(-) =/?(-!) = 0 , 


q = —xe 


So, 

= -e^/H(xe^/^)exp (\{xe^/^) + = -l{xe^/^) exp (^^{l{xe^/^) + l)'). 

Now, the power series for l(a;e^/2) .g x starts at —x, so if we substitute (29) into the above, 
the power series for exp, we obtain again a power series, and each coefficient is a hnite sum. 
We plug thus (29), and MAPLE gives back what is expected, the powers series (27). So, we 
can be sure that all the reasoning is correct! 


8. Classification of algebraic flows 

Now we are in a position to prove Theorem 3. Since algebraic flow is necessarily an abelian 
flow, we are in a situation desribed by Theorem 2. First, we consider the case 1. 
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.1. Abelian flows of type I which are algebraic. Let us consider (9): 


• Q{x,y) = 


B-l 2 o 2 

-X + Bxy • ——-Cxy + y 


C-l " C-l 

Or task to to find all pairs of rational numbers B, C such that this vector field gives rise to 
an algebraic fiow. For simplicity, put 

C ^ n 


= -n, C = 


n + 1' 


1-B = Q. 


C-l 

So, we are dealing with the vector field 

w{x,y) • g{x,y) = Q{n + l)x‘^ + {1 - Q)xy • Qnxy + y"^, Q,neQ. (30) 

The case Q = 0 gives the fiow and the case n = 0 produces indeed algebraic fiow 

(the explicit formulas will be soon given), so we will assume henceforth n,Q ^ 0. We will 
now integrate this vector field. Since xg{x, 1) —zu{x, 1) = Qx{l — x), the differential equation 
(8), in case we choose the “+” sign, reads as 

Qx{l - x)f'{x) + {Qnx + l)f{x) = 1. (31) 

The solution of this differential equation can be given by 

2 F 1 - u, 1; 1 + ^; := Pn,Q{x). 

The orbits of the ffow 0(x) = u{x, y) •v^x, y) with the vector field w{x, y) • g{x, y) is given 
by 

W (x, y) = x'^{x — y)~"‘~'^y"'^^ = const. 

Let us define the function m(t) implicitly from 

P„,Q(m(t)) ■ (m(t))«(m(t) - = t. 

Let 7 (t) be the inverse of m(t). Then 

7 (^) = PnM • t^(t - 1 )"""^. 

Next, the general formula (24) gives 


(32) 


u 


m a K ? 


a a 


— ] • V 


m(a) <^\ m(a - <^) <^ 


a a 


a — 


n,Q 


m a 


' 0 ) 


a — 


Pn,Q{m{a - ?)), 


where 


Let, as before. 


Then 


= 


X = 


Pn,Q{m{a)) 

m(a) 

-, y = 


X 


y 


X 


m(a) = -, a = 7 - , q = yj[-], q = 


X 


y 


yiiz 


P 


n,Q 


= xQ {x — y) 
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Note that similarly as in Sections 6 and 7, is necessarily 1—homogenic. So, 


u{x,y) • v{x,y) = « (x) ^m(x) — 1 j • m « (x) ^m(x) — 1 j (33) 


where x = 'yi — ] — = x^ (x — y) 

\y 




We can simplify this. Note that from the orbits property, 


n—i n+l 


= xQ {x — y) 




(34) 


Also, since = m(x), we obtain 


7(^1 = >< = 7 


X 


— xQ {x — y) 




This, after some calculations, gives the identity 


-P (- 


= -P. 


n,Q 


X 


- 1 . 


(35) 

y ■'\y/ 

Together with an orbit conservation property (34), this defines the pair of functions {u,v). 
We are left to explore for which pairs of rational numbers (n, Q) these two equations have 
algebraic functions as solutions. We will show that this happens only if Pn,Q is an algebraic 
function. On the other hand, if this holds, then u and v are algebraic functions too, since 
they satisfy a pair of independent algebraic equations. 

So, suppose M • n is a flow and are algebraic functions. Fix x, j/ 7 ^ 0, x 7 ^ y, and 
consider the line {xu, yu) for oj being a variable. We claim that then 

u{xoj, yu) 
v{xu, yu) 

is a non-constant algebraic function in u. Indeed, suppose it is constant. Then the orbit 

conservation property (34) gives 

1 11 1 
^U\ Q (U 


v{xu,yu) 


- 1 




So, for variable u, we see that ^ 7 ^ 0,1, and moreover, 

v{xu, yu) = yu6, 

for a certain constant 6. This gives u{xu,yu) = yu'j, for another constant 7 . Then the 
boundary conditions ( 1 ) imply the exact values for 6 and 7 : 

u{xu,yu) = XU, v{xu,yu) = yu. 

But now this contradicts to (35) for u small enough (to avoid questions of ramification). 

So, we have proved that - on the line {xu,yu) is not a constant function. This gives 


P 


n,Q 


u{xu,yu)\ v{xu,yu) 
v{xu, yu) J 


Pn,Q \ - 


X 


v{xu, yu). 


yu \y, 

As a function in u (the numbers x, y being fixed), the right hand side is an algebraic function. 
On the other hand, the argument of Pn,Q on the left is a non-constant algebraic function. 
If Pn,Q has an infinite monodromy, the left hand side has an infinite monodromy, too - a 
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contradiction. Thns, the only possibility is when Pn,Q itself is in fact an algebraic function. 


H. Schwarz [17] classihed all cases when a hypergeometric fnnction has a hnite monodromy 
and thus is an algebraic function. This research was greatly generalized by F. Beukers in 
relation to higher hypergeometric functions [6]. The local exponent differences (Schwarz 
parameters, see [17]) at three regular singular points 0, 1 and oo are then (up to a sign) in 
our case are equal to 

We immediately recognize the (negatives) of the three numbers (11) that add up to 1. 
Now, going through H. Schwarz’s list to see when the function P„ Q(a;) is algebraic with the 
condition that Schwarz parameters (36) add up to an integer, we see that the only possible 
case is when one of the parameters is a negative integer, say, such is —n — 1, n G Nq, and Q 
is an arbitrary rational number, except when ^ G {—n, —n +1,...,—!}, in which case Pn,Q 
is not an algebraic function. In fact, we can manage without Schwarz’s list. Namely, the 
differential equation (31) is easily solved in quadratures. The solution is algebraic function 
if and only if 

jdx 

is algebraic. Now, the answer follows from calculus routines: we can rotate all three Schwarz 
parameters, which corresponds to a change of variable in the above integral. This gives 
Theorem 3. 


8.2. Abelian flows of type II which are algebraic. As we know from ([3], Section 4), 
we cannot further reduce the pair of 2—homogenic rational functions vj{x., y) • q{x, y) with a 
help of conjugating this flow with a 1—BIR in case g{x, y) = 0 and ru{x, y) is a 2—homogenic 
rational function whose numerator has no multiple roots. This is an obstruction case (see 
[3], Section 4, case II). So, henceforth in this subsection we assume that this case holds, 
and investigate when this does lead to an algebraic flow u{x,y) • v{x,y) - it will appear, 
never. We know, of course, that in this case v{x,y) = y, the orbits of the flow are given by 
y = const., and u{x,y) is deflned implicitly from the identity ([3], Eq. (60)) 


/ 


y/u{x,y) 


dt 

tt7(l, t) 


(37) 


Now, since the numerator of vij{l,t) has no multiple roots, we can write 


1 

-07(1, t) 


r 


where P{t) is a polynomial. Let P be the anti-derivative of P. Integration of (37) gives 


P 


-P 


u{x,y) 


- y = - ^ai\n 


Oti 


2=1 


u{x,y) 


OCi 


This is satisfled by an algebraic function u{x, y) and all branches of the logarithm. However, 
for every algebraic function u{x,y) the left hand side has a hnite monodromy group (for 
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every pair x*y it attains a finite nnmber of values), while the right hand side has an inhnite 
monodromy unless all a* = 0. Suppose then the latter. Yet, in this case we have 

A 

w{x,y) = 


X 




and the numerator of w is divisible by , which contradicts the condition that it has 

no multiple roots. Thus, there are no algebraic flows which are abelian flows of type II. 


Appendix A. Addendum to “The projective translation equation and 

UNRAMIFIED 2-DIMENSIONAL FLOWS WITH RATIONAL VECTOR FIELDS” 

The names of the Theorems and Sections in this Addendum refer to [4], unless otherwise 
stated. The references to displayed equation, like (4), refer to the current paper only. 


In this Addendum we will expand Subsection 4.5 and clarify a bit Theorem 1. Here we use 
notations of the latter Theorem. Let ? = [xy{x — y)YP. The flow A(x) = X{x,y) • X{y,x) 
is unramihed. Indeed, as is clear from the explicit formulas in Theorem 2, cm(<^) and 
sm(<^)^“^ contain only integral powers of x and y. Let now = [xy{x — yY^P- The 
same can be said about the flow 4/(x) = 'ilj{x,y) • 'il!{y,x) and the two elliptic functions 
p{u) and q{u), which were calculated in Subsection 4.5. Namely, the functions and 

q{ (;) ^ contain only integral powers of x and y. However, the situation with the vector held 
x^ — xy •y'^ — 2xy is a bit more interesting. This vector held is briehy treated in the last 5 
lines of Subsection 4.5. In order to fully prove Theorem 1, here we expand on this vector held. 


So, let 

w • Q = x^ — xy • y'^ — 2xy, <; = [x^y‘^{?)X — 2y)Y^^. 


As we know, the how a{x, y)»/3{x, y), which is generated by this vector held, can be integrated 
explicitly in terms of Dixonian elliptic functions. Indeed, to show this, let p and q be two 
functions which satisfy the following properties. The Taylor series at n = 0 of p{u) and q{u) 
start, respectively, at powers u~^ and u^, and 

( 1 = p^q‘^{3p — 2q), 

< p' = -p^ + pq, (38) 

I q' = —q^ -1- 2pq. 


Using these properties, one can recurrently calculate the unique Taylor coefficients, and we 
do it with the help of MAPLE: 


p(u) 
q{u) = 


V3 


V3 2 

- u ■ 

12 

—Y + 
18 


1008 

43V3 

- u 

9072 


V3 ^ 
’ 36288’ 
31 

- u 

27216 


- 11 -„ii +- Yl -^,14 +-125-„ir 

39626496 118879488 2276779954176 

2731V3 14 47545 _ , 873815x/3 

29719872“ ~ 2139830784“ 487881418752 “ 


Using induction we see that coefficients at n G Mq, are rational numbers, and the 

coefficients at are of the form r\/3, r G Q. We know that the formulas for a and P will 
contain p( <^) and g( <^) <^; see Subsection 4.1. So, diherently from the analysis of the hows A 
and T, a and (3 will potentially contain a quadratically ramihed function ^Jx'^y'^{3x — 2y). 
However, note that if (p(n), q{u)) solves (38), so does the pair of functions {—p{—u), —q{—u)). 
In case of the vector held x'^ — 3xyy^— 3xy and the how T, this transform is an identity map 
(see the formulas on the top of p. 903), since both elliptic functions involved are odd func¬ 
tions. Further, in case of the vector held x^ — 2xyy'^ — 2xy this does not work, since the orbits 
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xy{x — y) are of degree 3, which is an odd number, and so the pair (—sp(—n), — cp(—n)) 
parametrizes the curve xy{x — y) = —l rather that the curve xy{x — y) = l. So, only in the 
case of the vector held x"^ — xy • y"^ — 2xy we get an interesting non-trivial situation. For 
example, this shows that in the the Taylor series for p{u) and q{u) we can assume that the 
symbol “\/3” stands for a positive as well as for a negative value of the square root; this 
does not affect the validity of (38). Further, we know that the Talor series for a{x,y) and 
/3{x, y) at the origin contain only rational numbers as coefficients; see (16). So, \/3 does not 
appear at all. Thus, these formulas are stable under the automorphism of Q(\/3), and this 
will show that in fact in the dual formulas, there is no quadratic ramihcation remaining, and 
the how a • /3 is indeed unramihed! 


We will express these (elliptic) functions p and q in terms of Dixonian elliptic functions 
sm and cm. Note that the formulas on (p. 883, [4]) give 


/\ 2 ^8 ^14 

=■?(«) = - 28 “ - 2 ^“ - 3872 % 




449 


352439360 




51279 


1223669457920 


579 


7 8 -1 1 2 3 . 1 c 33 11 3 14 

cp(n) = u -H- v/ - u° H--+ 

’ 2 28 56 10192 5096 5422144 




15 


^32 + 


n20 + ... . 


(39) 


774592 

As we know from Proposition 3, sp(m) is an even function, so the Taylor series of sp contains 
only the powers n G Nq. This already sheds a light on the phenomenon of cancellation 

of \/3 just mentioned. Indeed, the Taylor series for sm and cm contain the powers 
and respectively. So, sp(n) = potentially contain all positive powers 

But, as we see, the coeffiecients at cancell out. Further, inspecting the coefficients of 

cp at we see that they are equal to a half of the corresponding Taylor coefficients of 

sp(m). Indeed, we amend the cited Proposition 3 with the following fact. 

Proposition 11. The function 2cp(n) — sp(m) is an odd function. 

Proof. Indeed, according to Proposition 1, 

2 

2cp(-m) - sp(-M) = —--—^ - sp(m). 

sp(m) cp(m) 


Thus, we need to show that 


— sp(m) = —2cp(m) + sp(m). 


sp(m) cp(m) 

This simplihes as sp(n) cp(M)[sp(n) — cp(n)] = 1, which, as we know, does hold. □ 

Now, consider the following birational transformation 

5 + 7 4\/3 


p = 


q = 


The inverse is 


3(72 — 52 j 

x/3 


(40) 


0 =-p, 7 = 

3pq 3pq 


-p. 


(41) 


A direct calculation shows that this transforms our elliptic curve p^q^{3p — 2q) = 1 into 

4\/3 


^7(5-7) = 


9 


(42) 
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Using the Taylor series for p, q and the transformation (41), we can calculate the Taylor 
series at the origin of 6 and 7 : 


, \/3 2 \/3 

d = - u -i 

9 27216 




5\/3 


449\/3 


7 = — 2 u ^- - —11'“- u° — 


V3 


1 


89159616 
U3 0 


1463644256256 


431540872514519040 


11 


U3 


193 


18 504 54432 19813248 178319232 1138389977088 

Compare these expansions to the expansions of sp(m) and cp(m). The coefficient at of 
both sp and 6 have the prime number 449 in the numerator, while the coefficients of cp 
and 7 at have the prime number 193 in the numerator: 579 = 193 • 3. Also, {a,f3) 
parametrizes the same elliptic curve as (sp, cp), only the scaled one. This suggests the 
following proposition. 

Proposition 12. The elliptic functions a and ft are given by 




u 






7 = 


7! 


u 


cp - 


^\/3 


Proof. Assume that we know in advance that 

6{u) = Asp{Bu), 'y{u) = Acp{Bu). 
Comparing the leading coeffcients of all for functions involved, we get 


(43) 


This gives 


73 

9 


B = 


= AB^ 


1 


-2 = 


A 

B' 


A = ^ 
73 ' 


7273 ’ 

Knowing this, let us define the functions 6 and 7 by (43), and the let us define the functions 
p and q by (40). Using the known properties of sp and cp we readily verify all the three 
properties of p and q given by (38). □ 

So, we can express our functions p and q in terms of sm and cm as follows (all the 
arguments of sp, cp, sm, cm are equal to Bu). 

A sp + A cp A sm^ A cm^ A sm^ — A cm^ 2A sm^ — A 


p{u) = 
q{u) = 


2 

473 


2 cm 


2 sm 

473 


2 sm cm 

4-73 sm^ cm^ 


2 sm cm 


4-73 sm^ cm^ 


3[A2 cp 2 — A^ sp^] 3A‘^[-^^ — 3A2[cm® — sm®] 3A2[1 —2sm3] 


In this form, the properties (38) are easily verihed by hand, using the properties of sm and 
cm given by Proposition 9. 


Now, the pair (sp, cp) is just a scaling of (5, 7 ), and the latter, by the properties (40) and 
(41), is a birational transform of {p,q). Since, according to Proposition 3, we have rational 
addition formulas for sp(M — v) and cp(M — v), this implies rational addition formulas for p 
and q. 

Now we are ready to explicitely integrate the vector held w • g = — xy • y'^ — 2xy. 

Let, as already dehned in ([4], Theorem 1), a • be this how. Let x = p{u) g, y = q{u) <;, 
= [x^y‘^{3x — 2?/)]^/®. Similarly as in the ([4], Subsection 4.1), we hnd that the solution 
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of the differential equation (4) and the boudnary condition (1) in case of the vector held 
— xy •y'^ — 2xy satishes 

a{x, y) = a (^p{u) q{u) j = p{u - ?) <^, 

y) = (3 {p{u) q{u) = q{u - ?) <^. 

So, 


a{x, y) = (^6{u - <t) + 'y{u - ^ sp{Bu cp{Bu -Be;). 

Further, we use addition formulas for the elliptic functions sp and cp, as given by Proposition 
3. Thus, 

A?(Ci + C2 - SiS2CiC2)^SiS2 A?(5i52Ci + S 1 F 2 C 2 - l)‘^CiC2 


a = — 


where 


2(1 - SjSlCiC2){SiS2Ci + 51 ^ 2^2 - 1 ) 2(1 - SfSlCiC2){Ci + C 2 - S 1 S 2 C 1 C 2 ) 


, (44) 


Si = sp{Bu), Cl = cp(i?M), S2 = sp(-i?<^), C2 = cp(-i?<^). 
Now, S'! and Ci are just rational functions in p{u) = x<,~^ and q{u) = ye,~^'. 


Si = sp(i?M) 
Cl = cp(i?M) 


5{u) \/3 p{u) \/3<^^ X 

A 3Ap(u)q(u) A 3Axy A<;’ 

7(m) \/3 p(u) \/3<^^ X 

A 3Ap(u)q(u) A 3Axy A<^’ 


Note that in the last expression, ^ appears with exponents 2 and —1, and 2 — (—1) = 3; this 
is important. Now, plug the last two expressions into (44). A careful inspection of all the 
terms shows that a (x, I/) is a rational function in x, y, (;sp(—B<;), sp(—B <;), ^cp(—i?^), 
and ‘;~^(—Bc;). Indeed, in (44) consider, for example, the hrst summand, and the term of 
the numerator which is equal to A<^C^S'iS' 2 . For it, we have 


Ac;C^SiS2 


A? 


\3Axy 


+ 


A-2^-^(^^ 


3xy 


X 

3 

+ X 


y/3q‘^ _ 
3Axy 

V 3xy 



sp(-5?) 

sp(-5<^). 


and the claim is obvious, since = x^y‘^{3x — 2y). Moreover, expand sp{—Bu) using the 
Taylor series given by (39). Then the Taylor coefficients of the last expression are either 
rational numbers, or are of the form r\/3, r G Q. This is clear, since the Taylor series of 
sp(—i?<^) starts at and ^ is a rational number. Moreover, and this is the most 

important thing when we talk about ramification, the coefficients at are rational num¬ 
bers, and the coefficients at q^^+^ are of the form \/3r, r G Q. We thus inspect all the 
terms in (44) and arrive at exactly the same conclusion, it is important that if Si,Ci, S 2 , C 2 
are given weight 1, then the weights in the two numerators and denominators in (44) are 
all equal modulo 3. The formula (44) is completely analogous to the formula presented in 
Theorem 2, only we do not write the lengthy addition formulas explicitly. As mentioned 
before, the presented formula for a potentially contain q^'^+^ = [x^y‘^(^3x — 2|/)](^”+^^/^ and 
hence a ramification, since p{ q) and q{ q) contain this. However, the coefficients at are 

necessarily of the form r\/3, r G Q. But we know that a, if written as a function in x, y and 
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is an even fnnction in This is clear from the fact that the exact valne for a, which is 
nnique, does not change if we assnme that the sign “\/3” stands for a negative valne of the 
square root rather than a positive. The same conclusion follows for the function f3. And so, 
the flow a • /5 is indeed unramified! This finishes the case 6) of Theorem 1. 

We note that the constant 7r| on p. 883 was miscalculated by the factor 27. The correct 
value is 

7tI = 820.824437079556+ ■ 27 = 22162.259801148018+. 
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